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holds for each x, y ∈ E 1 (resp. all x, y ∈ E 1 \ {0}) and for some constant θ > 0 .
Then there exists a unique mapping T : E 1 → E 2 such that :
T (x + y) = T (x) + T (y)
for all x, y ∈ E 1 and :
for all x ∈ E 1 (resp. all x ∈ E 1 \ {0}). If in addition, t → f (tx) is continuous for each fixed x ∈ E 1 , then T is linear."
In 1994 Gavruta ( [15] ) has given a new generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings. In fact he showed that :
"Let G be an abelian group and (X, . ) a Banach space. Let ϕ : G × G → R + a mapping satisfying, for all x, y ∈ G, the condition :
Let f : G → X be a mapping which fullfiles, for each x, y ∈ G, the condition :
Then there exists a unique mapping T : G → X such that :
T (x + y) = T (x) + T (y)
for all x, y ∈ G and :
for all x ∈ G. " In this paper we introduce the notion of generalized Gavrùta stability of functional equations in order to study, in the framework of a nonquasianalytic Carleman class C M {R}, the stability of the so-called cohomological equation (E ψ,χ ) :
where f is the unknown function and χ : R → C, ψ : R → R are a given functions belonging to C M {R}. Let us recall that cohomological equations play a fundamental role in the study of dynamical systems. Indeed, the study of certain forms of invariance, rigidity and stability of dynamical systems can be reduced to the investigation of the solvability in certain regularity classes of some cohomological equations ([1], [7] - [10] , [14] - [30] , [32] - [47] ). However, despite the great interest devoted to these functional equations, there is at our knowledge a lack of works on their solvability and their stability in the setting of Carleman classes. Finally let us pointwise that we were mainly motivated in the preparation of this paper, by the works ([4], [5]) of G. Belitskii, E. M. Dyn'kin and V. Tkachenko. Finally to illustrate our main result, we will consider the cohomological equations of the form :
which are a particular case of a functional equations called traditionally difference equations. Let us also recall that, such a functional equations were studied by numerous authors ( [12] , [41] , [18] , [19] , [39] , [37] , [28] , [13] , [6] , [20] , [29] , [45] , [40] , [23] , [3] , .etc.) because of their great importance in applied and fundamental sciences.
2. Preliminary notes and statement of the main result 2.1. Basic notations and main definitions. For all x ∈ R we set :
We denote by B r , for each r ∈ N, the Bernouilli number of order r ( [11] , page 297, 299).
Let f : S −→ C be a function. f ∞,S denotes the quantity :
||f ||
Let X be a nonempty set and F : X → X a mapping. We denote by F n for each n ∈ N the iterate of order n of the mapping F. If F is a bijection, then we will denote by F −1 the compositional inverse of the mapping F and for each n ∈ N, by F −n the iterate of order n of the mapping F −1 .
Definition 2.1. Let E be a nonempty set, F a nonempty subset of the set of mappings from E to a metric space (V, d), Φ : F → F a given mapping and g a given element of F. We say that the functional equation :
has the generalized Gȃvruţa stability (GGS) in F if the following condition is fullfiled : For every mapping δ : E → R + there exists a mapping µ : E → R + depending only on δ and Φ such that for each mapping y ∈ F satisfying the inequality :
there exists a solution z ∈ F of the functional equation (2.1) such that the following condition holds :
Definition 2.2. Let A := (A n ) n ≥0 be a sequence of strictly positive real numbers.
i. The Carleman class C A {R } is then the set of all functions f : R → C of class C ∞ such that :
ii. The Carleman class C A {R} is said to be nonquasinalytic if there exists a nonidentically vanishing function f 0 ∈ C A {R} such that :
iii. The sequence A is said to be almost increasing if there exists a constant C > 0 such that :
2. Assumptions and related notations. Along this paper we make the following assumptions :
• a < b are a fixed real numbers.
• M := (M n ) n ≥0 is a fixed sequence of strictly positive real numbers such that C M {R } is nonquasianalytic and the following conditions hold :
• ψ, χ : R → R are a fixed functions belonging to the Carleman class C M {R} such that the following conditions hold :
Remark 2.3. It follows from the assumptions (2.7-2.9) that ψ is a diffeomorphism from R onto R and that the following relations hold for each s ∈ R :
Let us set for every s, t ∈ R :
It is clear that the integer valued function :
is increasing while the integer valued function :
is decreasing. We can easily prove that the following inequality holds for each s ∈ R and all real numbers t 1 < t 2 :
2.3. Statement of the main result. Our main result in this paper is the following theorem.
Theorem 1.
The cohomological equation :
has, under the above assumptions, the GGS in the Carleman class C M {R}. More precisely if a function y ∈ C M {R} satisfies the condition :
Proof of the main result 3.1. A key result. We prove first the following result.
Proposition 2.
has a solution g in the Carleman class C M {R} such that the following inequality holds for every s ∈ R :
Proof. Since the Carleman class C M {R} is nonquasianalytic there exists, thanks to a result due to S. Mandelbrojt ([31] ), a function κ ∈ C M {R} such that :
Then let us set for every s ∈ R :
The functions χ + and χ − belong to C M (R) and satisfy the following conditions :
Since ψ is a diffeomorphism from R onto R and belongs to the Carleman class C M {R} it follows from the assumptions (2.2)-(2.6), according to ([2] ), that f • ψ, f • ψ −1 belong to the Carleman class C M {R} for each f ∈ C M {R}. Let us then define the operators : 
Furthermore we have for every s ∈ K and n ∈ N :
Thence the series L n + (χ + )(s) and L n − (−χ − • ψ −1 )(s) contain finitely many non-vanishing terms. Consequently the functions g + , g − : R → C defined by the relations :
). Furthermore easy computations show that the following estimates hold for each s ∈ R :
(3.1)
It is also clear that we have for every s ∈ R :
It follows from (3.1) and (3.2) that the function g := g + + g − belongs to C M {R} and is a solution of the cohomological equation (E ψ,χ ) such that :
The proof of the proposition is then complete.
3.2.
End of the proof of the main result. Let y ∈ C M {R} and δ : R → R + . We assume that the following inequality holds for every s ∈ R :
Let us then consider the function :
Then thanks to ([2]), the function ϕ belongs to the Carleman class C M {R}. According to the proposition 3, there exists a function h ∈ C M {R} such that :
Then the function z := y − h ∈ C M {R} is a solution of the cohomological equation (E ψ,χ ). Furthermore we have for each s ∈ R :
It follows that the cohomological equation (E ψ,χ ) has th GGS in the Carleman class
We have then achieved the proof of our main result.
Example
The function ψ 0 : s −→ s + 1 satisfies the conditions (2.7-2.9). Furtermore the following relations hold for every s, t ∈ R :
Then, according to the above main result, the cohomological equation :
where χ ∈ C M {R} is a given function, has the GGS in the Carleman class C M {R}. More precisely if y ∈ C M {R} and δ : R → R + satisfy the following condition
. If the function δ is periodic with period 1, then the estimate (4.1) becomes :
2. If the function δ is of class C 1 on R then we can improve the estimate (4.1) by means of a special case of the Euler Mac-Laurin formula ( [11] , page 302-303).
. Thence the estimate (4.1) entails that :
3. If the function δ is of class C 2r+1 on R (r ∈ N * ) then we can improve the estimate (4.1) by means of a the general Euler Mac-Laurin formula ( [11] , page 303-304). Indeed we have for each s ∈ R :
Finally the estimate (4.1) becomes : 
